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Birinci tartib elliptik tip tonlik Gg¢lin mixtolif oblastlarda sarhad masalasinin halli
arasdirdmigdwr. Burada Kogi-Riman tonliyi ticiin yarimmiistavida bir sarhad masalasinin halli
arasdwimigdir. Sarhad sorti yalniz ikinci yaruimmiistovi ilo eyni olan sarhadda verilmisdir.
Qeyd edok ki, bu sort xiisusi sokla malikdir. Bels ki, bu sarhadda eyni zamanda harakat edan iki
noqts tictin Karleman sarti 6danilir.

Baxilan sarhod moasalasinin hallinin  arasdirilmast isd> aliman zoruri gsortlorin
xassalorina asaslanir. Verilmis sarhad sarti vasitasilo zoruri sortlords olan sinqulyarliglar
requlyarlasdirilr.

Acar sozlar: Kosi-Riman tonliyi, Steklov mosalasi, zaruri sortlor, sinqulyarlq, requl-
yarizasiya, Fredholmlug, maxsusi adadlor, maxsusi funksiyalar.

Molumdur ki, Steklov moasalasi dedikds elo spektral masalo basa diisii-
lir ki, spektral parametr yalniz sarhad sortine daxil olsun [1]- [4]. Bu tip mase-
lalora ham adi diferensial tonliklor tglin, ham do xlsusi téromali diferensial
tonliklor Uglin baxmaq olar. Belo ki, adi diferensial tonlik Gg¢lin belo masa-
lalorda, Umumiyyatla, spektr sonlu sayda ola bilor. Xisusi téromali diferensial
tonliklor Gcun Steklov masalalorinds adston elliptik tip tonliklor tGgiin masa-
lalora baxilir [5], [6]. Biz burada birinci tortib elliptik tip diferensial tanlik olan
Kosi-Riman tanliyi glin Steklov masalasine baxacagiq. Mosaloys yuxari ya-
rimmiistavido baxilmisdir. Qeyd edok ki, mohdud mustavi oblastda Kosi-Ri-
man tonliyi Uciin iki ndqtali (yani eyni zamanda sorhadds iki nogto harokat
edirso) bir geyri-lokal sarhad sortinin verilmasi bu masalonin Fredholmlugu
ucun, yani bu sarhad masalasinin nivesinds sinqulyarliq olmayan ikinci nov
Fredholm tonliklor sistemino gotirilmosi tigiin kafi oldugu gostorilmisdir.
Burada baxilan miistovi oblast va onun sarhadi geyri-mohduddur. Kosi-Riman
tonliyinin holli analitik funksiya oldugundan, sarhadin sonsuzlugda olan
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hissasinds halli sifir gétiirmak olmaz, ¢cunki bu zaman hall eynilik kimi sifir ola
bilor. Digor torofdon ogor bitin sorhodds Dirixle sorti verilorsa, onda bu
moasalonin halli tmumi vaziyystds mévcud olmaya bilor [10]. Ona gérs biz bu
moasaloys yarimmiistavinin sonsuzluqdaki sarhadinds he¢ bir gort goymadan,
ancaq asas sarhadinds xiisusi sokilda sarhad sorti veracayik (iki négtsli mosalo
olmagqla Karleman sorti ddonilir [7] ).

Masalanin qoyulusu

Asagidaki kimi masaloys baxaq:

8u_(x)+i6u_(x):o, x, eR, x, >0, (2.1)
0X, 0%,
a,u(-t,0)+Aa,u(t,0)=0, t>0, (2.2)

burada i=~/-1, a, Vo a,, Umumiyyatlo, kompleks adadlor, A iso spektral

parametrdir. Malumdur ki, Kosi-Riman tonliyinin fundamental holli [8]

1 1
U(X—§)=E~X i) (2.3)

soklindadir. Bu fundamental hollin kémayilo (2.1) tonliyi {i¢iin yuxar1 ya-
rimmiistavids ikinci Qrin formulunu quraq. Basqa sozlo desak, (2.1) tonliyinin
hor iki torafini (2.3) fundamental hallino vurub, yuxari yarimmiistovi Uzrs
inteqrallayaq:

T ou
0=|dx —Ux dx, +i]dx, | —U (x-&)dx, =0.
Jj (x= &), lzlaxl( £)dx,
Alman ifadado daXIIda olan inteqrallar1 hissa-hisss inteqrallayaq:

0= [dx,[u()u (x- 5)/ j Y g)dxz +|jo|x2 OO (x =€) / -

R ?_

-| u(x)%dx& = lim [u()U (x-&)dx, - [u(x,0U (x, - & - &)dx, —

R 1

—Idx Iu(x) —¢) dx, +i I|m Iu(x)U (x—=&)dx, —1i I|m _[u(x)U (x=&)dx, —

2

—iIdxziu(x)%{f)dxy
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Yarimmiistovi boyunca olan inteqrallar1 birlosdirib, (2.3)-Gn (2.1) Ucgln
fundamental hall oldugunu nozars alsaq, yani

u(x=¢)  .ou(x=¢) _ _
o +i ox =0(x=8)=03(x, = &)5(X, =&)), (2.4)

burada S(X—&) ikidlgilii delta funksiya Dirakdir. Beloliklo, biz asagidaki
kimi asas miinasibati aliriq.

lim Iu X)U (X — &)dx, —ju —& &), + Ilmfu W (x=&)dx, —

Xy >0

aU(x §) ,0U(x-8) |,
X, 0%,

—inn1?KMU( —&)dx, = jdxjuu)

X —>—©
0

— o, [u00S(x- 0, - (2.5)

R 0

u@), & R, &, >0,
=41
Eu(é:)’ §eR &, =08 €eR & =20, 20§ =-0; & 20,5 =
Bu aldigimiz asas minasibatin birinci hissesi (2.1)-in D=x=(x,5): 1, €R. 1, >0}

oblastinda tayin olunmus ixtiyari hallini, ikinci ifadasi iso zoruri sortlori verir.
Zaruri sartlar. 9sas minasibat olan (2.5)-o daxil olan zaruri sortlori ayiraq.

2 (51,0)__ del__ U0 X, +
27 oo +i(X —¢&) 2 1(X, =)
31)
+LdeX2 — medx27 ‘fl c R,
+i(0=¢£) 27 % Xy +i(=0 &)
e T S L L
2 2 (X, &) 2y —oo+i(X, =&y
(3.2)
i 7 u(o, X, ) i 7 (=, X,)

— - ,— — - dx,, ¢ €R,
27y X, —0+i(0=&)) 27 3 X, =0+ (=00 =&
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1

iu(_oo’ézz)zzi.[ u(xy, ) dx _ij' u(x,,0)

2 +i(x +0) T 27md—&, +i(X +o0)
(3-3)
L u(oo,-Xz) dXZ—LJ.u(_OO'XZ)dXZ, £, >0,
27 —&, +i(0+ ) 2r s, X, =& ))
1 1 u(x,,) 1 u(x;,0)
PR s e L R e e L
(3.4)
+LJMdX2_L u(==0,x,) dx,, ¢&,>0,
27y X, — &, 27 ¢ X, =& (=00 —0)

Belaliklo, asagidaki hokmii almis olurugq.

Teorem 1. Yuxar1 yarimmiistovido analitik olan ixtiyari funksiyanin
sorhad giymatloari (3.1)-(3.4) minasibatlarini 6dayir.

Qeyd 1. Ogar yuxar1 yarimmiistavids analitik olan funksiya biitiin qapal
yarimmustovido mohduddursa, onda yuxarida verdiyimiz (3.1)-(3.4) zoruri
sortlori asagidaki soklo diisor.

u<§1,0>——ju( 1,0) 51 (3.11)
u(zsl,oo)———ju(xl, dxé (321)
u(-0,&,) ———ju( ) 52 (3.31)
U0, &) = %Iu(ao, W G4

Yenidan (2.5) asas minasibstino gayidib, oradan gapali yuxari yarim-
mustavide mahdud hall {igiin alariq:

W) =— 1J- u(x,,0) dx _LJ- u(x,,0)

T R e e R
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Belalikla, (3.5) —don goriiniir ki, yuxar1 yarimmiistavida (qapali) moahdud

holli tapmag tgin U(*1.0)

U(x.0) _; ixtiyari vermok olmaz. Belo ki, (3.11) zoruri sorti 6donilmalidir.
Zoaruri sortin arasdirilmasi. Indi (3.1;) zoruri sortini asagidaki kimi iki
hissayas ayiraq.

-1 bilmok Kifayoatdir, amma (3.11)-don gorunir ki,

i u(xl,O) U060 i Fuex,0)
u(=¢,,0) _[ IX +§1) B J‘ X, +§1
(3.6)
u(xl,O) _—itu(- xl,O) i“’u(xl,O)
”IX +§1 - J. X, =&, l+”'!X1+§1dX1 %0
U(‘flio) = J.U(Xi;l) J.U(Xig)l) 1= _ﬂ_l ili(;lxi;(jl) Xm +
(3.7)
L‘“’u(xl,O) X, = J-u( X1,0) l+iTu(xl,O) dx, & >0,
Ty X =&, Ty X S, Ty X =6y

Burada (2.2) sorhod sortini nazoro almaqla, asagidaki xotti kombinasiyani
qurag:

(Zlu(—fl,O) - iazu(él,o) = LT 051U(X1,O) + iaZu(_Xl’O) dx

Y X, +&,

1~

(3.8)

1+

iTalu(—xl,O)+ﬂ,a2u(xl,O) dx _iTalu(x1,0)+/1a2u(—x1,O) dx
4 0

1
0 X, =&, T X, +&,

Belalikla, aliriq.

Teorem 2. Verilmis (2.1)-(2.2) sarhad mosalosinin - mahdud halli Ggiin
(3.8) requlyar munasibati ddanilir.

Fredholmluqg. Aldigimiz (3.8) requlyar ifadosini verilmis (2.2) sorhad
sartino qossagq:

65



o,u(-t,0) + Aer,u(t,0) =0,

LT - (4.1)
o,u(-1,0) - Aar,u(t,0) = [ ,U(7,0) + Aa,u(-7,0) |
Ty T+t
899!’ o, + 0, a, * O, Olarsa, onda (4.1)-d9n alarlq;
u(-t,0) = —— J-U(TO)d Aa,i J-u( To)d
2my Tt 2ma, y T+t
LT i tuC- (4.2)
u(t0) = -2 U0, 1 uCe0) g,
2,y T+t 279 T+t

Bununla da asagidaki hokmii almig olurugq.

a, 20, a, #0,

Teorem 3. Ogar onda (2.1)-(2.2) sarhad masalasinin

gapali yuxar1 yarimmiistavido mohdud halli (3.5) soklindadir, u(x,,0) giymati

isa (4.2) ikinci ndv requlyar inteqral tonliklor sistemindan toyin edilir. Nohayat,
bir daha (2.2) sarhad sortindan istifads etsok, (4.2) sistemindan alariq.

u(t, O)_L dr alu( 2'0) Aa, Iju(—r,O)dT:
2y T+t a, 271'0(10 T+t
(4.3)
ZLT a,  Aa, u(—r,O)dT’
2\ Aa, o, ) T+t
u(t0) = (U0 g L pdr ZAeU(r0)
Aa, 2y T+t 27y T+t a,
(4.4)

:i]? a,  Aa, U(T’O)dr,
2\ Aa, a, ) T+t
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Aldigimiz (4.3) vo (4.4) integral tonliklorinin ndvalori eyni oldugundan
asagidaki tonliys baxmagq kifayotdir.

y(t)=ijdr, t >0,
o T +1

(4.5)
burada
_ 1l a Aa,
P 27\ A, ) (4.6)
yeni parametr, y(t) iso (4.3) do Y(1.0) (4.4)-do iso U(t0) qyr.
Maxsusi adadlarin va funksiyalarin taqribi hesablanmasi
Yuxarida aldigimiz (4.5) tonliyini diskretlogdirak [12].
o k+l
y(r
ORI Eath
k=0
ifadasinin sag torafindoki 1nteqrallara duzbucathar tisulunu tatbiq edok.
1
o ¥+ )
KOk + =+t
2
yaxud da
1
1 0 y(k + E)
n+-)= , n=0.
v 2) p; kK+n+1 (5.1)
Noahayat,
1
y(n +§) =z, nx0, (5.2)
isaralomasini gobul etsak:
Z k+n +1 =0 (53)

Bu sistemi agiq sokilds yazaq:
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z z z
Dz, +p=+p2+p—2+..=0,
(p-Dz, Py TPZHP,
Z, 1 z, Z,
—+(p=-Dz,+ p—~=+p—+..=0,
P, (p3 )2, PP
Z, Z, 1 Z,
—+p—+(p=——-1z,+ p—+...=0,
P3P, (p5 )2, +p 5
.............................................................. (54)
ZO Zl m-2 m
—+ + — +p—+..=0
p P Pom gt P Dnstp
Asagidaki determinanta baxaq
P P P
-1 £ Lt Ll
(p-1) > 3 -
PP P .
A, =] 2 3 4 n+l |=0. (5.5)
P P P P Y
n n+l n+2 2n-1

adadlari Gguin tagribi giymatlordir. Bu giymatloti (4.6)-da yazib, oradan tayin

olunmus A ar qoyulmus masalonin moxsusi odadlori Ggtin taqgribi qiy-
motlordir. Baxilan (2.1)-(2.2) sarhad masalasinin moxsusi funksiyalari {igiin

toqribi ifads iso (3.5)-don alinir. Bunun iigiin Ak -lar1 (4.5)-do yazib, oradan Yi

liclin togribi ifado almir. Bu ifado Yt =U(t0) yozine (3.5) do yazilir.
Belaliklo, moxsusi adad vo funksiyalarin toqribi hesablanmasi iigiin bir sxem
gostorilmis oldu.

Qeyd 2. Ogor (4.5) don moxsusi adod vo funksiyalar daqiq tapilarsa,
onda (2.1)-(2.2)-nin moxsusi adad va funksiyalar1 da dagiq toyin edils bilor.

Qeyd 3. Kosi-Riman va Laplas tonliklori tglin muxtalif sarhad sortlori
daxilinds Steklov mosalalorinin hollinin arasdirilmasina [9], [10] islarinda
baxilmigdir.
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PEIIEHME 3AJAYM CTEKJIOBA JIJI1 YPABHEHUI
SJJIMIITUYECKOT' O TUITA HA ITOJYIVIOCKOCTH

P.M.3EMTHAJIOB
PE3IOME

UccnenoBano pelieHne TPaHWUHBIX 3a7ad JJIA pas3iduHbIX oOjacTel ypaBHEHHS
SIUTUIITHYECKOTO THUIIA TIEPBOTO TOpsimka. Ha moymIockocT paccMOTpeHa TpaHUYHAS 3a/1a4a
s ypaBHeHus Komu-Prumana. YenoBus 3amaioTcst B 0OIIMX TpaHUIAX MOJTYIUIOCKOCTEH. OTH
YCIIOBHS UMEIOT CIIEIHANBHBIA BUA. Tak 9TO B ATOH IpaHUIlEC ABUTAIOTCS OJHOBPEMEHHO JBE
TOYKH, JJI1 KOTOPBIX CIIpaBeIUBEI yciuoBus Kaprnemana. cciienoBanue pemeHus TpaHIIHBIX
3a/a4 OCHOBBIBACTCS HAa HEOOXOIMMBIX YCIOBHAX, MOJYYCHHBIX B paboTe. CHHTYIAPHOCTH,
BXOZSIIIIUE B HECOOXOAUMBIE YCIOBUS, PETYISPUIUPYIOTCS ¢ TOMOIIBIO TPAHUYHBIX TaHHBIX.

Kawuenbie cioBa: ycinosue Korm-Pumana, 3agaua CTekiioBa, HEOOXOAUMBIC YCIIO-

BUSI, CHHTYJISIPHOCTB, peryJisipusanusi, ppearoib-MoBOCTb, COOCTBEHHBIE 3HAYCHMUS, COOCTBEH-
HbIe GYHKIUH.
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SOLUTION OF STEKLOV PROBLEM FOR ELLIPTIC EQUATIONS
ON A HALF-PLANE

R.M.ZEYNALOV
SUMMARY

There is investigated the solution of boundary value problems for elliptic equations of
the first order in various domains. On a half-plane there is considered a boundary value
problem for the Cauchy-Riemann equation. The boundary conditions are defined in the
common borders of half-planes. These conditions have a special form. That is, two points, for
which Carleman conditions are satisfied, move on this boundary simultaneously. The inves-
tigation of the solution of boundary value problems is based on the necessary conditions
obtained in the paper. The singularities appearing in the necessary conditions are regularized
by means of boundary data.

Key words: Cauchy-Riemann problem, Steklov problem, necessary conditions,
singularity, regularization, Fredholm property, eigenvalues, eigenfunctions

Redaksiyaya daxil oldu: 16.06.2015-ci il
Capa imzalandy: 17.11.2015-ci il

70



	UOT 517.95
	YARIMMÜSTƏVİDƏ ELLİPTİK TİP TƏNLİK
	ÜÇÜN STEKLOV MƏSƏLƏSİNİN HƏLLİ
	AMEA İdarəetmə Sistemləri  İnstitutu
	raminz.math@gmail.com

